DUCTED FAN FOR VTOL UAV by GOH ZONGYANG DEREK




FOR THE DEGREE OF MASTER OF ENGINEERING
DEPARTMENT OF MECHANICAL ENGINEERING
NATIONAL UNIVERSITY OF SINGAPORE
2015
DECLARATION
I hereby declare that this thesis is my original work and it has been written by
me in its entirety. I have duly acknowledged all the sources of information
which have been used in the thesis.






I would like to thank the following people for the successful completion of this
research project. Firstly, my thesis supervisor A/P Teo Chiang Juay, for his
advice, insight and guidance, and for o↵ering me the opportunity to work on this
project in the first place, without whom this work would never have occurred.
Next, my colleagues and friends in the Centre for Aerospace Engineering, in-
cluding Dr. Nguyen and Dr. Ravi, for sharing their knowledge in computational
fluid dynamics, and also for sharing their respective cultures and enriching my
time in the centre with diversity.
Finally, my loving wife who fully supported me in this endeavour and never failed
to encourage me when it mattered most.
ii
Abstract
Theoretical modelling of ducted-fan aerodynamics is challenging due to the cou-
pling of the external flow and the fan-induced internal flow. Furthermore, non-
dimensional modelling of the aerodynamics is complicated by the existence of two
characteristic velocities: the free-stream velocity and the fan rotational speed.
In this work, Reynolds-Averaged Navier-Stokes (RANS) based computational
fluid dynamics (CFD) simulations are conducted to investigate the aerodynam-
ics of a generic ducted fan in forward flight at angles of attack below stall. The
ducted-fan is modelled as a propeller housed in an annular wing. The propeller
is modelled as an actuator disc for simplicity. The non-dimensional scheme in-
volves studying the ducted-fan aerodynamics at fixed fan thrust coe cients so
as to impose dynamic similarity on the flow. The e↵ects of the ducted-fan aspect
ratio, angle of attack, and thrust coe cient on its aerodynamics are investigated.
Simulation results for the unpowered duct, which is essentially an annular wing,
are validated against annular wing experimental data in the literature and show
good agreement. Simulation results for the ducted fan show that the lift-curve
slope increases with the thrust coe cient. The drag can be modelled as a com-
bination of the zero-lift drag and the lift-induced drag, similar to a conventional
planar wing. The induced drag can be described with the span e ciency factor,
which is found to increase with the thrust coe cient. The zero-lift drag is under-
predicted by simple momentum theory, though the general trends are represented
well. The pitching moment increases with the thrust coe cient, also represented
iii
by a forward shift in the centre-of-pressure. Existing annular wing aerodynamic
models are extended semi-empirically based on the simulation results, and sim-
ple semi-empirically equations formulated to describe the behaviour of a typical
ducted fan in forward flight.
The use of the ducted-fan model is demonstrated by incorporating it into a flight
dynamics model of a ducted-fan vehicle based on the ST Aerospace FanTail
prototype unmanned aerial vehicle (UAV). A modal analysis reveals that the
model vehicle has similar longitudinal characteristics to a conventional flight
vehicle. Preliminary flight simulations show that a linear flight dynamics model
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The ducted-fan configuration has been employed in many unmanned aerial ve-
hicle (UAV) designs in recent years. Examples include Honeywell’s T-Hawk,
Aurora Flight Sciences’ GoldenEye, and ST Aerospace’s FanTail prototype (see
Fig. 1.1). Ducted-fan UAVs are generally designed with vertical takeo↵ and
landing (VTOL), and hovering capabilities, much like a helicopter. They do not
require a runway or helipad for launch and recovery, and are thus highly suited
for reconnaissance and surveillance operations, especially in the military con-
text. A typical mission profile for a ducted-fan UAV involves a vertical takeo↵
followed by transition to high-speed forward flight by tilting into the wind. Once
on station it hovers, or loiters, over the area of operations. After the mission it
again transitions to forward flight for recovery.
1
Chapter 1. Introduction
Figure 1.1: ST Aerospace FanTail prototype.
The ducted-fan configuration has the following benefits over a conventional rotor
system:
• A ducted fan requires a smaller diameter than a conventional rotor to
generate the same amount of static thrust at the same ideal power.
• Shrouding the fan in a duct reduces the blade-tip losses and thus increases
the fan e ciency.
• The duct is able to act as a lifting surface in forward flight if designed for
this purpose.






Some of the earliest research on ducted propellers (another term for ducted
fan) was conducted by Stipa [1], who demonstrated that enclosing a propeller
increases its e ciency, now known to be due to the reduction in blade-tip losses.
Stipa also observed that the duct experiences negative drag, or in other words
produces a thrust force, in the presence of a rotating propeller.
In 1962 Sacks and Burnell [2] published a comprehensive survey of the then state
of the art, including both theoretical and experimental work on ducted propellers.
The same decade also saw NASA experimenting with tilting wingtip-mounted
ducted fans for VTOL aircraft. Yaggy and Mort [3] and Yaggy and Goodson [4]
discovered that operating the ducted fan in non-axial conditions resulted in large
pitch-up moments, detrimental to stability. They experimented with duct exit
vanes to alleviate this condition. Mort and Gamse [5] investigated the dissimilar
stall boundaries on the upstream and downstream duct lips, another complica-
tion of the configuration. It was deemed that upstream lip stall is more critical
as the upstream lip is more heavily loaded. Moreover, upstream lip stall caused
severe asymmetric loading on the propeller. Mort and Yaggy [6] noted that duct
stall resulted in drastic reductions in the pitching moment and increase in the
power requirements.
More recently, Pereira and Chopra [7] provided a simple theoretical analysis of
the ducted fan based on momentum theory. The analysis shows, among other
3
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observations, that a ducted fan is able to generate more static thrust than an
isolated propeller with the same rotor disk area and at the same ideal power
consumption. However, the simplified model is unable to account for geometrical
e↵ects. Over the years, many other researchers [7–12] have investigated the
e↵ects of duct geometry on ducted-fan performance. Black et al. [8] conducted
a comprehensive study by varying parameters such as the duct lip shape, chord,
and propeller location. They concluded that the duct exit area ratio is the most
powerful ducted fan variable. Graf et al. [11] observed that duct lip shapes that
perform well in static thrust applications are generally inferior in forward flight
due to the larger than desired pitch-up moments. Likewise, Martin and Tung [10]
found that increasing the duct lip radius enhances thrust but reduces stability
in a crosswind.
The large pitch-up moments experienced by the ducted fan in forward flight is
arguably the most detrimental side-e↵ect of the configuration, as it has implica-
tions on the stability of a ducted-fan vehicle. Many techniques to counter this
e↵ect have been tested, from duct exit vanes [9] to duct-lip spoilers and duct
deflectors [13], and even leading- and trailing-edge flow control using synthetic
jets [14], all with varying measures of success.
Yet, with all the work that has been done on this topic, to date there is still
a lack of models capable of describing the ducted-fan aerodynamics concisely
and with simple equations. The di culty in theoretical modelling of the ducted-
fan aerodynamics lies in the strong coupling of the external flow over the duct
and the fan-induced internal flow. This is compounded by the existence of two
4
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characteristic velocities: the free-stream velocity and the propeller tip speed,
thus complicating non-dimensional analysis. Ohanian et al. [15] recently devised
a modelling scheme based on experimental data, where the aerodynamics are
non-dimensionalised by propeller tip speed and studied at fixed advance ratios.
Still, there is room for the development of alternative non-dimensional models
to describe the ducted-fan aerodynamics.
1.2.2 Annular Wings
A ducted fan in forward flight at small angles of attack behaves somewhat like
an annular wing, owing to the similarities in their geometries. Some researchers
have therefore modelled the ducted fan as a propeller housed in an annular wing.
Hence, this section of the literature review is dedicated to work on annular wings.
An early theoretical analysis of a ring airfoil (another term for annular wing),
geometry shown in Fig. 1.2, is provided by Ribner [16]. Using a lifting-line





where the aspect ratio of the ring airfoil is given by AR = d/c. This formulation
assumes a relatively high aspect ratio. For ring airfoils of lower aspect ratio,
Ribner proposed another formulation, from considerations of momentum, given
by
CL = ⇡AR↵ (1.2)
5
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Figure 1.2: Geometry of a generic annular wing showing the system of axes
employed.
Maqsood and Go [17] compared Ribner’s formulations to experimental data and
observed that the high AR model is not accurate for aspect ratios below 3.0,
whilst the low AR model is only accurate for aspect ratios below 1.0. Thus the
range of validity of the model is rather limited.
Weissinger [18] provided a more complex analysis using a lifting-surface ap-
proach, where the lift coe cient was formulated as
CL = ⇡
2⇣↵ (1.3)
where ⇣ is a function of the aspect ratio and is approximately given by
⇣ =
AR
AR+ (⇡/2) + atan(1.2/AR)
(1.4)
Werle [19] observed that application of Weissinger’s model resulted in a virtual
6
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Figure 1.3: Weissinger’s annular wing model compared to experimental data
from [17, 20–25] (reproduced from [19]).
complete collapse of the data sets of many previously conducted annular wing
experiments in the literature, covering a wide range of aspect ratios and various
airfoil profiles (see Fig. 1.3).
The drag coe cient of an annular wing can be expressed in a similar fashion as
a conventional planar wing as follows:
CD = CD0 +KC
2






Experimental studies [5, 24, 26] indicate values of the span e ciency factor rang-
ing from e = 1.25 to e ⇡ 2 for an annular wing. Comparatively, the theoretical
inviscid span e ciency of an annular wing is 2, twice that of a conventional
planar wing with an elliptical pressure distribution. This result was derived an-
alytically in [27] and [28] using di↵erent methods and verified computationally
in [24] using an inviscid vortex-lattice code.
The pitching moment is formulated empirically in [17] based on data from annu-
lar wings of a single airfoil profile. However, Werle [19] showed that the pitching
moment is highly dependent on the airfoil profile, or specifically, the airfoil’s
zero-lift angle of attack. Instead, Werle proposed a centre-of-pressure approach
to modelling the moments. Yet, Werle’s model fails to account for changes in
the centre of pressure due to angle of attack. To date, the present author has
not encountered an adequate model for the annular wing pitching moments.
1.3 Objectives of Present Study
This work presents a non-dimensional approach to ducted-fan aerodynamic mod-
elling, where the traditional forms of the aerodynamic coe cients, normalised
by free-stream velocity, are retained. The ducted-fan aerodynamics are studied
at fixed fan thrust coe cient, instead of the advance-ratio approach taken by
other researchers.
Chapter 2 presents the results of a computational investigation into the e↵ects of
duct aspect ratio, angle of attack, and fan thrust coe cient. Existing theoretical
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annular wing models are also extended to describe the ducted-fan aerodynamics
with simple equations. The new ducted-fan aerodynamics model can be used to
quickly predict the forces and moments acting on a ducted fan in forward flight,
given the fan thrust coe cient.
Chapter 3 demonstrates the incorporation of the ducted-fan aerodynamics model
into a flight dynamics model of a ducted-fan vehicle based on the ST Aerospace
FanTail prototype, while Chapter 4 describes the stability characteristics and
modal analysis of the model vehicle, and also provides comparisons of linear and





This chapter describes the aerodynamic modelling of a generic ducted fan in
forward flight. Computational fluid dynamics (CFD) simulations are performed
to investigate the e↵ects of aspect ratio, angle of attack, and fan thrust on the
ducted-fan aerodynamics. Existing theoretical annular wing models are then
extended to describe the ducted-fan aerodynamics based on the simulation re-
sults. The non-dimensional scheme used to study the ducted-fan aerodynamics
is presented in the following section.
2.2 Generic Ducted-Fan Model
In this work, the ducted fan is modelled as a propeller housed in an annular
wing. The propeller is located at the 0.3c location. The duct is generated with
10
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Figure 2.1: Schematic of generic ducted-fan model.
a Clark Y airfoil section. The Clark Y airfoil has a maximum thickness ratio of
0.117 and is flat on the lower surface aft of 0.3c. Hence, the duct has a constant
inner diameter from 0.3c onwards to the trailing edge. The fan is not modelled in
detail as the focus is on the aerodynamics of the duct. Instead, a simple actuator
disc is used to represent the fan. The actuator disc covers the entire inlet of the
duct, representative of an ideal configuration with no blade-tip clearance. A
uniform pressure jump is prescribed across the entire surface of the disc. Fan
swirl is neglected for simplicity. A schematic of the model ducted fan is shown
in Fig. 2.1. Duct lift and drag are measured with respect to wind axes, and the
pitching moment is positive pitch-up, measured at 0.25c along the duct axis.
2.2.1 Non-Dimensional Scheme
The di culty in non-dimensional modelling of a ducted fan arises from the fact
that there are two characteristic velocities: the free-stream velocity and the fan
11
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Figure 2.2: Example of ducted-fan non-dimensional aerodynamic character-
istics at fixed (single) fan speed.
rotational speed. Or in terms of characteristic pressures, the free-stream dynamic
pressure and the pressure jump across the fan disc. At fixed fan speeds, or fan
thrust, the non-dimensional aerodynamic characteristics at di↵erent free-stream
velocities do not collapse, as depicted in Fig. 2.2. This poses a problem for
non-dimensional analysis.






where n is the fan rotational speed, and d is the fan diameter. This imposes
kinematic similarity on the flow and causes the non-dimensional characteristics
to collapse.
A di↵erent approach is taken in this work. As the fan is modelled as an actua-
tor disc with no rotational speed, the ducted fan is studied at fixed fan thrust
12
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and is equal to the ratio of the pressure jump across the fan disc to the free-stream
dynamic pressure. Thus, fixing the thrust coe cient imposes dynamic similarity
on the flow and also causes the non-dimensional characteristics to collapse.
2.3 Computational Fluid Dynamics (CFD) Setup
2.3.1 Governing Equations
The commercial code ANSYS FLUENT was used to perform the CFD computa-
tions in this work. The mean flow field around the ducted fan was simulated by
solving the three-dimensional incompressible Reynolds-Averaged Navier-Stokes



























Here the solution variables represent the time-averaged values, and the term
 u0iu0j , known as the Reynolds stresses, has to be modelled in order to close the
RANS equations.
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The one-equation Spalart-Allmaras model was chosen for the purposes of closure.
The model was designed specifically for aerospace applications involving wall-
bounded flows and has been shown to give good results for boundary layers
subjected to adverse pressure gradients [29]. The model employs the Boussinesq
hypothesis [30] to relate the Reynolds stresses to the mean velocity gradients:











where ⌫t is the kinematic turbulent viscosity and k is the turbulence kinetic
energy. The transported variable in the Spalart-Allmaras model, ⌫˜, is identical
to the kinematic turbulent viscosity except in the near-wall region. The transport
























where G⌫ and Y⌫ are the production and dissipation terms of the turbulent
viscosity respectively, and   and Cb2 are model constants. Note that since the
turbulence kinetic energy, k, is not calculated in the Spalart-Allmaras model, the
last term in Eq. (2.5) is ignored when estimating the Reynolds stresses. Refer
to [29] for full details on the Spalart-Allmaras model.
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2.3.2 Numerical Technique
ANSYS FLUENT uses a finite-volume method to discretise the governing equa-
tions so that they can be solved numerically. The integral form of the conserva-











where V is an arbitrary control volume, ~F  is the flux of   at the boundaries
of the control volume, ~A is the surface area vector, and S  is the source per







~F f · ~Af = S V (2.8)
where the subscript f represents quantities at the cell faces. Also, all variables
in the equation are cell- or face-averages.
The pressure-based solver was used in the computations, as opposed to the
density-based solver. The SIMPLE algorithm was used to achieve pressure-
velocity coupling. All computations were performed as steady-state calculations,
which means that the governing equations do not contain the time-dependent
terms. A second-order upwind scheme was chosen for the spatial discretisation.
The convergence criteria was set at 10 5 for all residuals (continuity, momentum
and turbulent viscosity).
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2.3.3 Mesh and Boundary Conditions
The computational mesh was created with ANSYS GAMBIT and is shown in
Fig. 2.3. The domain extends 12 chord-lengths away from the duct leading edge
and side surfaces, and 20 chord-lengths away from the duct trailing edge to allow
the wake to fully develop. Only the left half of the domain was modelled as the
flow is symmetric for all the simulations. A boundary layer mesh was attached
to the surfaces of the duct and a size function was employed to allow the mesh
to grow in size away from the duct (see Fig. 2.4). The domain consists of 1.25 –
2.36 million grid cells depending on the duct aspect ratio, which was varied for
each simulation.
Boundary conditions are shown in Fig. 2.3. Velocity components were prescribed
at the inlet boundary according to the desired angle of attack. Atmospheric
pressure was prescribed at the outlet boundary. Both inlet and outlet boundaries
were prescribed with a turbulent viscosity ratio of one. No-slip conditions were
imposed on the duct walls. The fan was modelled as an actuator disc with a
uniform pressure jump across its surface for each simulation (see Fig. 2.4).
A mesh independence study was conducted prior to the actual simulations to
ensure that the solutions are independent of the computational mesh. Details of
the study are provided in Appendix A. During the actual simulations, adaptive
mesh refinement was employed to refine the mesh around the ducted fan such
that the dimensionless wall distance was kept at y+ ⇡ 1. This ensures that the
16
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(a) Isometric view showing boundary conditions.
(b) Plane of symmetry showing extent of domain.
Figure 2.3: Computational domain for ducted-fan CFD simulations.
near-wall cell layer lies within the viscous sublayer and the boundary layer is
properly resolved.
2.4 CFD Simulation Results
Simulations were conducted for ducted-fans of aspect ratio (diameter-to-chord
ratio) 1.5, 2.0, 2.5, and 3.0. The thrust coe cient was varied from CT = 0
17
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(a) Surface mesh of duct and fan (represented by actuator disc).
(b) Boundary layer mesh around ducted fan.
Figure 2.4: Computational mesh for ducted-fan CFD simulations.
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to CT = 1.0 by changing the pressure-jump across the fan whilst keeping the
free-stream dynamic pressure constant at 980 Pa, corresponding to a free-stream
velocity of 40 m/s. The angle of attack was varied from 0 deg to the duct stall
angle, which is approximately 18 – 21 deg, depending on the aspect ratio and
the thrust coe cient. The simulation Reynolds number (based on duct chord)
was fixed at 0.685⇥ 106.
In the subsequent sections, results for the unpowered duct (CT = 0), which is
essentially an annular wing, are first validated against annular wing models in
the literature. Results for the ducted fan at non-zero thrust coe cients are then
presented and the aerodynamics modelled with simple equations where possible.
Note that unless otherwise stated, the forces and moments mentioned in this
chapter relate to those acting on the duct only and not on the ducted fan as
a whole. Also note that only pre-stall data is presented and discussed, as duct
stall is characterised by massive flow separation and highly unsteady flow, a
phenomenon that cannot be captured realistically by steady RANS simulations.
2.4.1 Validation of Annular-Wing Results
Simulation results for the unpowered duct (CT = 0) are validated against data
from Fletcher’s annular wing experiments [20] in Fig. 2.5. Results for the AR 2.0
and 2.5 ducts are omitted from the figure for clarity, but generally follow similar
trends and lie between the data points for the AR 1.5 and 3.0 ducts. Fletcher’s
experiments were based on annular wings with similar geometry to the ducts of
the present study. The experiments were conducted at a dynamic pressure of
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1192 Pa, corresponding to a Mach number of 0.13. The Reynolds number varied
from 0.7  2.5⇥ 106 depending on the chord length of the wings.
CFD predictions for the lift and pitching moment coe cients show good agree-
ment with the experimental data, though the drag coe cients were over-predicted.
This result was also reported in [26], though no explanation was provided by the
authors. It is known that CFD simulations based on turbulence models over-
predict the drag acting on airfoils, which is studied in detail in [31]. This is due
to the fact that actual airfoils have laminar boundary layers near their leading
edges, which subsequently transition to turbulence near the trailing edges. Lam-
inar boundary layers are associated with lower skin friction drag compared to
turbulent boundary layers. Hence, the use of a turbulence model in CFD, which
assumes that the entire boundary layer is turbulent, over-predicts the drag. It
is likely that the same explanation applies in the case of the present study on
annular wings.
Regardless, the drag coe cient still satisfies the drag polar equation given by
CD = CD0 +KC
2




with span e ciency factor e = 1.65 (see Fig. 2.5(b)). As mentioned in Sec-
tion 1.2.2, other studies in the literature reported values ranging from 1.25 – 2.
Application of Weissinger’s model [18], described in Section 1.2.2, in the present
study, also caused the lift characteristics to collapse (see Fig. 2.6), further vali-
dating the theory’s prediction capabilities.
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(a) E↵ects of aspect ratio on lift coe cient
(b) E↵ects of aspect ratio on drag polar
(c) E↵ects of aspect ratio on pitching-moment coe cient
Figure 2.5: Comparison of the simulation results for unpowered ducts with
results from Fletcher’s annular wing experiments [20].
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Figure 2.6: Application of Weissinger’s model [18] resulting in the collapse
of the annular wing lift curves.
2.4.2 Ducted-Fan Results and Discussion
Simulation results for the AR 1.5 ducted fan at non-zero thrust coe cients are
presented in Fig. 2.7. The larger aspect ratio ducts (results not shown) generally
exhibit similar trends. At fixed angles of attack, the lift and pitching-moment
coe cients increase linearly with the fan thrust coe cient. The drag coe cient
generally decreases as the thrust coe cient is increased, except at low thrust
coe cients. The drag becomes negative at high thrust coe cients and low angles
of attack, indicating that a net thrust is acting on the duct.
The centre of pressure shifts forwards with increasing angle of attack and thrust
coe cient (see Fig. 2.8), consistent with the findings from Graf et al. [11]. This
is also reflected by the increase in pitching moments when the thrust coe cient
is increased.
An examination of the contour plots of static pressure in Fig. 2.9 reveals the
physics behind the variation in duct forces in relation to the thrust coe cient.
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(a) Lift vs Thrust
(b) Drag vs Thrust
(c) Pitching-moment vs Thrust
Figure 2.7: Variation of ducted-fan aerodynamic coe cients with thrust
coe cient at fixed angles of attack. Results shown for AR 1.5 duct.
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Figure 2.8: E↵ect of varying thrust coe cient on ducted-fan centre-of-
pressure location. Results shown for AR 1.5 duct.
Increasing the thrust coe cient results in greater in-flow velocities and conse-
quently lower static pressures at the duct inlet. The suction peak on the inside
of the upstream duct lip is amplified while the pressure peak on the inside of the
downstream duct lip disappears. This results in less drag acting on the duct.
However, the e↵ect on the lift is not as clear-cut. The lower half of the duct
experiences an increase in lift while the upper half of the duct experiences a
decrease in lift. The net e↵ect is an increase in lift, which can be observed from
the lift characteristics in Fig. 2.7.
Modelling the Lift
Ducted fans with higher aspect ratios have steeper lift curves (see Fig. 2.10).
Increasing the thrust coe cient also results in steeper lift curves (larger CL↵).
Interestingly, application of Weissinger’s model [18] for annular wings also re-
sults in the collapse of the ducted-fan lift curves at fixed thrust coe cients (see
Fig. 2.11). This suggests that Eq. (1.3) can be modified to predict the lift of a
24
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(a) CT = 0
(b) CT = 1.0
Figure 2.9: Contours of static pressure for a ducted fan at two di↵erent
thrust coe cients with ↵ = 12 .
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Figure 2.10: E↵ects of thrust coe cient and aspect ratio on ducted-fan lift
curves.
Figure 2.11: Application of Weissinger’s model [18] resulting in the collapse
of the lift curves for ducted fans at the same thrust coe cient.
ducted fan as follows:
CL = Kl⇡
2⇣↵ (2.10)
where the scale factor Kl is a function of the thrust coe cient. ⇣ is a function




AR+ (⇡/2) + atan(1.2/AR)
(2.11)
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Figure 2.12: Variation of ducted-fan lift scale factor Kl with thrust coe -
cient.
The value of the scale factor Kl at di↵erent thrust coe cients was estimated
from the slopes of the modified lift curves in Fig. 2.11 and is plotted against the
thrust coe cient in Fig. 2.12. Kl increases linearly with the thrust coe cient
and can be expressed as
Kl = aCT + 1 (2.12)
where a = 0.33.
The entire data set collapses into a single trend when the lift coe cient is plotted
againstKl⇡2⇣↵ (see Fig. 2.13), thus verifying that Eq. (2.10) – (2.12) can be used
to predict the ducted-fan lift. Note that as with Weissinger’s model [18] for an-
nular wings, the current model for ducted fans cannot capture the nonlinearities
in the lift pattern at high angles of attack.
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Figure 2.13: Simulation results for ducted-fan lift at various aspect ratios
and thrust coe cients showing good agreement with the proposed model.
Figure 2.14: E↵ects of thrust coe cient and aspect ratio on ducted-fan drag
polar.
Modelling the Drag
The drag polar plots for ducted fans at various thrust coe cients are shown in
Fig. 2.14. At fixed thrust coe cients the drag satisfies the equation
CD = CD0 + CDi = CD0 +KC
2
L (2.13)
where the induced-drag coe cient is proportional to the lift coe cient squared.
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Figure 2.15: Variation of induced-drag coe cient with C2L/AR, showing
collapse of the data at fixed thrust coe cients.
The data collapses at fixed thrust coe cients when the induced-drag coe cient
is plotted against C2L/AR, as shown in Fig. 2.15. This indicates that the induced
drag acting on a ducted fan can be modelled in the same way as that of an







The values of the span e ciency factor e can be estimated from the slopes (1/⇡e)
of the induced-drag characteristics in Fig. 2.15. The slopes vary with the thrust
coe cient, indicating that the span e ciency factor is a function of the thrust
coe cient. The span e ciency factor is plotted against the thrust coe cient in
Fig. 2.16. e increases linearly with the thrust coe cient and can be described
by the equation
e = p1CT + p0 (2.15)
where p0 = 1.67 and p1 = 0.639.
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Figure 2.16: Variation of ducted-fan span e ciency factor with thrust coef-
ficient.
Figure 2.17: Simulation results for ducted-fan induced drag at various aspect
ratios and thrust coe cients showing good agreement with the proposed model.
When the induced-drag coe cient is plotted against C2L/⇡ARe (see Fig. 2.17),
the entire data set collapses into a single trend, showing good agreement with
the model except for cases where duct stall is imminent.
The zero-lift drag is the drag acting on the ducted fan when it is in axial flow
(↵ = 0 ). Simulation results for the zero-lift drag are plotted against the thrust
coe cient in Fig. 2.18. Theoretical predictions from simple momentum theory,
commonly used to analyse rotor and ducted fan performance, are also shown for
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(a) Total Drag (Pressure + Viscous)
(b) Pressure Drag only
Figure 2.18: Variation of zero-lift drag coe cient with thrust coe cient for
ducted fans of various aspect ratios. Theoretical predictions from momentum
theory shown for comparison.
comparison. The theoretical zero-lift drag coe cient, derived in Appendix B,











The theoretical model is based on one-dimensional inviscid flow and assumes that
the air pressure at the duct exit is equal to the ambient atmospheric pressure.
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Figure 2.19: Contours of static pressure for a representative inviscid simu-
lation of a ducted fan under axial flow conditions.
Simulation results show that simple momentum theory under-predicts not only
the total drag but also the pressure drag acting on the ducted fan. Hence, pre-
liminary inviscid CFD simulations were conducted to assess the assumptions
of the theoretical model. The pressure drag results of the inviscid simulations
show no significant di↵erences when compared to the turbulence-model predic-
tions. Contour plots of static pressure for a representative inviscid simulation
(see Fig. 2.19) reveal that the air pressure at the duct exit is significantly above
ambient pressures, contrary to the assumption made in the theoretical model.
This reinforces Werle’s [32] description of the ambient-pressure assumption at
the duct exit as being incorrect. Three-dimensional e↵ects are clearly important
in this case, whereas the one-dimensional theoretical model, having no means to
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account for the duct geometry, fails to provide accurate predictions. Nonethe-
less, the trends are reflected well and enable an understanding of the e↵ects of
duct aspect ratio and thrust coe cient on the zero-lift drag.
Modelling the Pitching Moment
The pitching-moment characteristics for ducted-fans of various aspect ratios are
shown in Fig. 2.20. Increasing the thrust coe cient results in steeper moment
curves (larger CM↵). At fixed thrust coe cients the pitching moment is highly
nonlinear. However, at fixed angles of attack the pitching-moment coe cient
increases linearly with the thrust coe cient (see Fig. 2.7(c)). Thus the pitching-
moment coe cient can be expressed as
CM = CM |T=0 +KmCT (2.17)
where CM |T=0 is the zero-thrust moment coe cient, equivalent to that of an
annular wing. Km can be thought of as a thrust-induced pitching-moment factor,
similar to the lift-induced drag factor K in Eq. (2.13). Km is a function of both
the duct aspect ratio and the angle of attack.
Km is plotted against the angle of attack in Fig. 2.21 and can be described by
the equation
Km = b↵ (2.18)
where the value of b depends on the duct aspect ratio and is given in Fig. 2.21
for the ducts of the present study. At fixed angles of attack, Km increases
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Figure 2.20: E↵ects of thrust coe cient and aspect ratio on ducted-fan
pitching-moment coe cient.
Figure 2.21: Variation of thrust-induced pitching-moment factor Km with
angle of attack for ducted fans of various aspect ratios.
with the aspect ratio, indicating that larger aspect ratio ducts possess higher
pitching-moment sensitivity to the thrust coe cient. This is also reflected in the
movement of the centre-of-pressure location, shown in Fig. 2.22. Larger aspect
ratio ducts exhibit larger movements in the centre-of-pressure location as the
thrust coe cient is varied.
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Figure 2.22: Variation of centre-of-pressure location with thrust coe cient
for ducted fans of various aspect ratios. (Shown for representative angle of
attack ↵ = 9 .)
2.5 Summary
This chapter described the aerodynamic modelling of a ducted fan in forward
flight. The duct is modelled as an annular wing with a Clark Y airfoil section.
The fan is modelled as an actuator disc located at the 0.3c location. Fan swirl
is neglected for simplicity.
CFD simulations based on the Spalart-Allmaras turbulence model were per-
formed to investigate the ducted-fan forward flight aerodynamics. Based on the
simulation results, existing annular wing models were extended to describe the
duct forces and moments. The ducted-fan aerodynamic coe cients are modelled
as follows:
CL = CL↵↵ = Kl⇡
2⇣↵
CD = CD0 +
C2L
⇡ARe
CM = CM |T=0 +KmCT
(2.19)
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where
Kl = aCT + 1
e = p1CT + p0
Km = b↵
(2.20)






This chapter describes the flight dynamics model of a ducted-fan vehicle based
on the FanTail 5000 prototype. In the following sections an aerodynamics model
of the vehicle is first developed. This is followed by the formulation of the linear
and nonlinear equations of motion. A perturbation analysis is then conducted for
the vehicle aerodynamics. Lastly, the aerodynamics model is integrated into the
equations of motion. A ducted-fan vehicle’s longitudinal and lateral dynamics are
highly coupled and cannot be decoupled realistically, even in straight-and-level
flight. In this work, the lateral motion of the vehicle is restricted and only the
longitudinal dynamics are studied. The lateral modes will neither be modelled
nor excited.
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Figure 3.1: Schematic diagram of FanTail 5000.
3.2 Model Ducted-Fan Vehicle
The model ducted-fan vehicle used in this work is a simplified version of the
FanTail 5000, a prototype UAV developed by ST Aerospace. The specifications
of the Fantail 5000 are provided in Appendix C. A schematic diagram of the
UAV is shown in Fig. 3.1. The duct is the main lifting surface of the vehicle.
The fan produces thrust in forward (horizontal) flight and lift in hovering and
vertical flight. Vanes in the duct counteract the torque generated by the fan
and can also deflect to produce a rolling moment. The tail provides stability to
the vehicle, similar to a conventional aircraft. Likewise, tail surfaces deflect to
produce pitching and yawing moments.
The forces and moments acting on the simplified vehicle model are shown in
Fig. 3.2. Note that in this chapter subscripts are added to the forces, moments,
and aerodynamic coe cients to indicate the component contributing the force
or moment.
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Figure 3.2: Forces and moments acting on the simplified vehicle model.
3.2.1 Component Aerodynamics
Fuselage
Several simplifications are made in modelling the ducted-fan vehicle. Firstly,
the lift and moment contributions from the fuselage are neglected. A nominal
value of CDF = 0.295 is assumed for the fuselage drag coe cient, corresponding
to that of a ogive-shaped object1. The fuselage drag is assumed to act through
the vehicle centre of gravity. Further simplifications regarding the other vehicle
components are addressed in the following sections.
Ducted Fan
As a first approximation it is assumed that the fuselage does not interfere with
the flow around the duct. Also, the vanes in the duct are neglected. As such, the
ducted-fan aerodynamics model developed in Chapter 2 is assumed to be valid.
1https://www.grc.nasa.gov/www/k-12/airplane/shaped.html
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The key equations utilised from the ducted-fan aerodynamics model are sum-
marised in Section 2.5. In addition, the following relations for the zero-lift drag
and zero-thrust pitching moments are derived by curve-fitting the CFD simula-
tion data.
CDD |↵=0 =  0.23C2T + 0.08CT + 0.04
CMD |T=0 = 1.09↵2   0.46↵
(3.1)
Note that the ducted-fan used in the vehicle model has an aspect ratio of 2.0.
The ducted-fan slipstream velocity vslip is required in the computation of certain
vehicle stability derivatives. In this work the average axial velocity through
the fan is used to estimate vslip. The slipstream-to-freestream velocity ratio
was estimated from the CFD simulation data and is plotted against the thrust
coe cient in Fig. 3.3. The slipstream velocity is nearly independent of the angle
of attack and can be approximated by the following linear expression:
vslip
v1
= 0.410CT + 0.929 (3.2)
It is noted that the use of the average axial velocity through the fan to estimate
the slipstream velocity is not entirely accurate. This is because the slipstream
contracts upon leaving the duct, leading to an increase in the slipstream velocity
downstream of the ducted-fan, as shown in Fig. 3.4. However, this is still the
simplest method for obtaining reasonable estimates of the slipstream velocity.
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Figure 3.3: Variation of slipstream-to-freestream velocity ratio with thrust
coe cient.
Figure 3.4: Contours of velocity magnitude for a representative ducted-fan
simulation.
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Tail Assembly
The complicated tail assembly in the original prototype is replaced with two
flat plates representing a vertical and horizontal stabiliser (see Fig. 3.2). The
plates also function as an elevator and rudder by deflecting to produce pitching
and yawing moments, respectively. For simplicity, the lift-curve slope of the
horizontal stabiliser CL↵H is assigned a value of 2⇡, a result of Thin Aerofoil
Theory. The tail lift coe cient can then be written as
CLH = CL↵H (↵H +  E) (3.3)
where ↵H is the local angle of attack at the tail and  E is the elevator deflection
angle, defined to be positive when the deflection increases the lift on the tail.
Note that since the entire horizontal stabiliser acts as an elevator, the e↵ective
angle of attack of the tail is increased by the angle of the elevator deflection.
A nominal value of CDH = CDV = 0.01 is assumed for the drag coe cient of the
horizontal and vertical stabilisers, corresponding to the turbulent skin friction
coe cient of a flat plate submerged in a flow at ReL ⇡ 7 ⇥ 105. The induced
drag is neglected as a first approximation.
Note that the pitching moment about the horizontal stabiliser’s aerodynamic
centre, MacH , is equal to zero due to the symmetry of the tail. This means that
the centre of pressure coincides with the location of the aerodynamic centre xacH ,
at the tail quarter-chord location.
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Figure 3.5: Influence of ducted-fan downwash on tail angle of attack.
The local angle of attack at the tail ↵H is a↵ected by the downwash from the
ducted-fan (see Fig. 3.5) and can be written as
↵H = ↵  " (3.4)
where " is the downwash angle at the tail. The CFD simulation data for the
AR 2.0 ducted fan was used to estimate the local angle of attack, and thus
the downwash angle, at a point downstream of the duct corresponding to the
aerodynamic centre of the tail. The downwash angle is plotted against the angle
of attack in Fig. 3.6. At small angles of attack, the downwash can be assumed





↵ = 0.8↵ (3.5)
The dynamic pressure at the tail qH is also influenced by the ducted fan and dif-
fers from the free-stream dynamic pressure q1. Once again, the CFD simulation
data for the AR 2.0 ducted fan was used to estimate the dynamic pressure at a
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Figure 3.6: Variation of downwash angle at the tail with vehicle angle of
attack.
Figure 3.7: Variation of tail-to-freestream dynamic pressure ratio with thrust
coe cient.
point downstream of the duct corresponding to the aerodynamic centre of the
tail. The dynamic pressure at the tail is nearly independent of the vehicle angle
of attack and scales linearly with the thrust coe cient (see Fig. 3.7). It can be
approximated by the expression
qH
q1
= 0.980CT + 0.974 (3.6)
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As mentioned the fuselage lift is neglected as a first approximation. Hence, only
the duct and the horizontal stabiliser contribute to the vehicle lift, which is given
by
L = LD + LH
= CLDq1S + CLHqHSH = CLq1S
(3.8)
where the vehicle reference area S has been defined to be the projected area of
the duct.
Assuming the lift coe cients lie in their linear ranges, the vehicle lift coe cient
can be written as
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Vehicle Drag
The total drag on the vehicle may be expressed as
D = DD +DH +DV +DF
= CDDq1S + CDHqHSH + CDV qHSV + CDF q1SF = CDq1S
(3.10)
where the drag contributions from the duct, horizontal and vertical stabilisers,
and fuselage have been considered.
The vehicle drag coe cient can be written as




where the parasite drag coe cient of the vehicle is given by















With reference to Fig. 3.2, summing the component pitching moments about the
vehicle centre of gravity yields the following expression for the vehicle pitching
moment.
M =MD + (LD cos↵+DD sin↵)(xcg   xref )
+MacH   (LH cos↵+DH sin↵)(xacH   xcg)
(3.13)
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whereMD is evaluated at xref , the duct quarter-chord location along the vehicle
axis. Note that MacH = 0 due to the symmetry of the tail.
Assuming LD   DD, LH   DH , cos↵   sin↵, and cos↵ ⇡ 1, the pitching
moment can be approximated as
M =MD + LD(xcg   xref )  LH(xacH   xcg) = CMq1Sc (3.14)
where the duct chord c has been defined as the vehicle reference length. The
vehicle pitching-moment coe cient is thus given by















3.3 Vehicle Equations of Motion (EOM)
3.3.1 Nonlinear EOM
The model vehicle is assumed to be a rigid body, where the e↵ects of the rotating
fan blades are neglected. The equations of motion for a rigid vehicle with six
degrees of freedom are derived in [33], and are given by
m(U˙ +QW   VR) =  mg sin✓ + Fx
m(V˙ +RU   PW ) = mg cos✓ sin + Fy
m(W˙ + PV  QU) = mg cos✓ cos + Fz
(3.16)
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Figure 3.8: Fuselage-reference axes and stability axes.
describing the translational motion, and
IxxP˙   Ixz(R˙+ PQ)  Iyz(Q2  R2)  Ixy(Q˙ RP ) + (Izz   Iyy)RQ = L
IyyQ˙+ (Ixx   Izz)PR  Ixy(P˙ +QR)  Iyz(R˙  PQ) + Ixz(P 2  R2) =M
IzzR˙  Ixz(P˙  QR)  Ixy(P 2  Q2)  Iyz(Q˙+RP ) + (Iyy   Ixx)PQ = N
(3.17)
describing the rotational motion. Equations (3.16) and (3.17) can be applied for
any arbitrary vehicle-fixed frame. Two such frames are shown in Fig. 3.8, the
fuselage-reference frame and the stability coordinate frame.
3.3.2 Linear Perturbation EOM
Equations (3.16) and (3.17) correspond to the nonlinear equations of motion.
They can be linearised by considering the vehicle’s velocity perturbations about
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Figure 3.9: Translational velocity perturbations in the stability axes, where
W0 = 0 by definition of the stability axes.
a reference trim condition (see Fig. 3.9), where the translational velocity com-
ponents can be written in terms of the reference velocities and the velocity per-
turbations as
U = U0 + u
V = V0 + v
W =W0 + w
(3.18)
Similar expressions can be written for the vehicle’s rotational velocities.
Under the small-perturbation assumption, such that
products of perturbation quantities ⇡ 0
sin (perturbation angle) ⇡ perturbation angle
cos (perturbation angle) ⇡ 1
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and following the procedure outlined in [33], the nonlinear equations of motion
can be linearised as
m (u˙+ (Q0w +W0q)  (V0r +R0v)) =  mg cos✓0✓ + F 0x
m (v˙ + (R0u+ U0r)  (P0w +W0p)) = mg(cos✓0 cos 0   sin✓0 sin 0✓) + F 0y
m (w˙ + (P0v + V0p)  (Q0u+ U0q)) =  mg(cos✓0 sin 0 + sin✓0 cos 0✓) + F 0z
(3.19)
describing the perturbation in the translational motion, and
Ixxp˙  Ixz (r˙ + (Q0p+ P0q)) + (Izz   Iyy)(R0q +Q0r) = L0
Iyy q˙ + (Ixx   Izz)(R0p+ P0r) + 2Ixz(P0p R0r) =M 0
Izz r˙   Ixz (p˙  (R0q +Q0r)) + (Iyy   Ixx)(Q0p+ P0q) = N 0
(3.20)
describing the perturbation in the rotational motion. Here ✓0 and  0 refer to the
reference angles, whereas ✓ and   refer to the perturbation angles.
Equations (3.19) and (3.20) are applicable for the fuselage-reference axes and
the stability axes, where Ixy = Iyz = 0 due to the vehicle’s symmetry in the
xz-plane. Note that the stability axes are defined at the reference condition and
are fixed during the perturbation. The angle of attack ↵0 is the angle between
the xF and xS axes (as well as the angle between the zF and zF axes).
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3.3.3 Linear EOM for Straight-and-Level Flight
For straight-and-level reference flight conditions in the stability axes,  0 = ✓0 =
V0 =W0 = P0 = Q0 = R0 = 0, and Eq. (3.19) and (3.20) are reduced to
u˙ =  g✓ + F 0x/m
v˙ =  U0r + g + F 0y/m






















A longitudinal-only analysis can be achieved by assuming that there are no lateral
perturbations (F 0y = L0 = N 0 = v = p = r = 0). In this case, Eq. (3.21) and
(3.22) are reduced to the following set of equations describing the longitudinal
perturbations about the reference flight condition.
u˙ =  g✓ + F 0x/m
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Figure 3.10: Aerodynamic and propulsive forces and moments in the stability
axes.
From Eq. (3.23), the longitudinal motion of the vehicle is a function of the vehicle
force and moment perturbations F 0x, F 0z and M 0 only, and these will be modelled
in the following discussion.
3.4 Perturbation in Vehicle Forces and Moments
With reference to Fig. 3.10, the resultant aerodynamic and propulsive forces and
moments acting on the vehicle in a perturbed state are given by
Fx = ( CDcos↵+ CLsin↵)q1S + T cos↵0
Fz = ( CDsin↵  CLcos↵)q1S   T sin↵0
M = CMq1Sc
(3.24)
in the stability axes. Note that here ↵ refers to the perturbation in the angle of
attack and ↵0 is the angle of attack of the vehicle in the reference trim condition.
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The perturbation force or moment can be expressed as a Taylor-series expansion.
















where  pi’s are the perturbation variables of interest. Under the small-perturbation












In this work only the longitudinal-direction perturbations are of interest. These
include perturbations in surge velocity u, angle of attack ↵, pitch rate q, rate
of change of angle of attack ↵˙, elevator deflection  E and thrust  T . Hence the















Similar expressions can be written for F 0z andM 0. The e↵ect of the perturbations
on the vehicle forces and moments, quantified by the above partial derivatives,
will be discussed in the following sections.
3.4.1 Surge-Velocity Perturbation
Perturbations in the surge velocity are equivalent to perturbations in the mag-
nitude of the free-stream velocity. The magnitude of the free-stream velocity is
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U2 + V 2 +W 2
=
p
(U0 + u)2 + w2
(3.28)
where it is assumed that there is no sideslip and sideslip perturbation (V0 = v =
0). Also, W0 is zero due to the definition of the stability axes. Note that at the
reference condition the perturbations vanish and v10 = U0.
Di↵erentiating Eq. (3.28) with respect to u yields
@v1
@u
|0 = 2(U0 + u)
2
p
(U0 + u)2 + w2











where U0 = v10 .
From Eq. (3.24), the e↵ect of surge-velocity perturbations on the vehicle forces
































where Eq. (3.30) has been invoked. Note that all variables above are evaluated
at the reference condition.
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In conventional flight vehicle dynamics, perturbations in the surge velocity af-
fect the aerodynamic coe cients (CL, CD and CM ) through changes in the Mach
number. In this work the flow is considered incompressible and Mach number
e↵ects are negligible. However, surge-velocity perturbations still a↵ect the ve-
hicle aerodynamic coe cients through changes in the thrust coe cient, since
ducted-fan aerodynamics are a function of the thrust coe cient.
The aerodynamic stability derivatives in Eq. (3.31) can be evaluated from Eq. (3.9),







where • = L, D, or M.
The fan thrust is assumed to be constant during a perturbation. Hence, the
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3.4.2 Plunge-Velocity Perturbation
Plunge-velocity perturbations are equivalent to perturbations in the angle of




=) ↵ ⇡ w
U0
(3.34)
assuming ↵ is su ciently small, and u is small compared to U0.
From Eq. (3.24), the e↵ect of angle-of-attack perturbations on the vehicle forces
and moments is given by
@Fx
@↵
|0 = ( CD↵ + CL)q1S
@Fz
@↵





The aerodynamic stability derivatives above can be evaluated from Eq. (3.9),
(3.11) and (3.15) as
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Figure 3.11: Induced angle of attack at the tail due to pitch rate.
3.4.3 Pitch-Rate Perturbation
Perturbations in the pitch rate induce changes in the local angle of attack at the
tail. With reference to Fig. 3.11, the induced angle of attack at the tail due to
the pitch rate can be approximated by the expression
 ↵H ⇡ q
vslip
(xacH   xcg) (3.37)
where vslip is the ducted-fan slipstream velocity, given in Eq. (3.2). The change







Assuming the changes in the lift force acting on the tail constitute the only
change in the vehicle forces and moments, the aerodynamic stability derivatives
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where the induced drag acting on the tail is neglected.
From Eq. (3.24), the e↵ect of pitch-rate perturbations on the vehicle forces and











It is assumed that the thrust coe cient is una↵ected by pitch-rate perturbations.
3.4.4 Perturbation in Rate of Change of Angle of Attack
A changing angle of attack causes a lag in the downwash at the tail. When
the vehicle angle of attack changes, the change in downwash at the tail is only
encountered some time  t later. The local angle of attack at the tail is thus
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given by
↵H(t) = ↵(t)  "(t  t)
= ↵(t)  ("(t)  ")
= ↵(t)  "(t) + "
(3.41)
The lag time is the time taken for the air to travel from the duct to the tail,
which is estimated by
 t =
(xacH   xref )
vslip
(3.42)
where vslip is the ducted-fan slipstream velocity, given in Eq. (3.2).










(xacH   xref )
vslip
(3.43)
Note that a positive rate of change of angle of attack corresponds to an increase
in downwash, which will only be experienced by the tail some time  t later.
The associated change in the tail lift due to the change in downwash is given by
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The change in the tail lift causes a change in the vehicle lift, which can be written
as




(xacH   xref )
vslip
qHSH
=) CL↵˙ = CL↵H
d"
d↵







Likewise, the change in vehicle pitching moment can be written as
 M = CM↵˙↵˙q1Sc =   LH(xacH   xcg)
=) CM↵˙ =  CL↵H
d"
d↵










From Eq. (3.24), the e↵ect of perturbations in the rate of change of angle of











where CD↵˙ = 0 as the induced drag on the tail is neglected.
3.4.5 Perturbation in Control Inputs
Control inputs which a↵ect the longitudinal forces and moments acting on the
vehicle include the elevator deflection angle and the fan thrust level.
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The e↵ects of elevator input on the vehicle forces and moments are represented
by the following partial derivatives derived from Eq. (3.24).
@Fx
@ E
|0 =  CD E q1S
@Fz
@ E
|0 =  CL E q1S
@M
@ E
|0 = CM E q1Sc
(3.48)

















from Eq. (3.9), (3.11), and (3.15). Once again the induced drag acting on the
tail is neglected.
Similarly, the e↵ects of changes in the thrust level are represented by the following
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where • = L, D, or M.
3.5 Integration of Vehicle Aerodynamics into the EOM
3.5.1 Nonlinear Longitudinal EOM
The nonlinear equations of motion with six degrees of freedom are given in
Eq. (3.16) and (3.17). For a longitudinal-only analysis, all lateral variables in
the equations are set to zero and the equations reduce to
U˙ =  QW   g sin✓ + Fx/m




where the motion of the vehicle is restricted to three degrees of freedom.
In this work, nonlinear flight simulations are achieved by solving Eq. (3.52) in
the fuselage-reference axes. The aerodynamic and propulsive forces and moments
acting on the vehicle in the fuselage-reference axes are given by
Fx = ( CDcos↵+ CLsin↵)q1S + T
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E↵ects of pitch rate and rate of change of angle of attack are incorporated into
the aerodynamic coe cients as follows:
CL = CL0 + CLqQ+ CL↵˙↵˙
CD = CD0 + CDqQ+ CD↵˙↵˙
CM = CM0 + CMqQ+ CM↵˙↵˙
(3.54)
where here the subscript 0 refers to the reference condition where Q = ↵˙ = 0.
3.5.2 Linear EOM in State-Variable Form
Substituting the Taylor-series expansions for the perturbation forces and mo-
ments given in Eq. (3.27) into the perturbation equations of motion for straight-
and-level flight given in Eq. (3.23) yields
u˙ =  g✓ +Xuu+X↵↵+X↵˙↵˙+Xqq +X E E +XT  T
w˙ = Zuu+ Z↵↵+ Z↵˙↵˙+ Zqq + Z E E + ZT  T
















and • = u, ↵, ↵˙, q,  E , or T.
Note that X↵˙ = 0 as @Fx/@↵˙ = 0, a result presented in Eq. (3.47) from the
analysis in Section 3.4.4.
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Performing the change of variable ↵˙ = w˙/U0 and eliminating ↵˙ from the right-
hand-sides of Eq. (3.55) yields
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where x = y = [u ↵ ✓ q]T , u = [ E  T ]T , and
A =
266666666664











































1 0 0 0
0 1 0 0
0 0 1 0










From linear systems theory, the transient response of the vehicle is then given
by




The first term describes the state response to an initial perturbation about the
reference condition, whereas the second term describes the state response to
control inputs.
3.6 Summary
This chapter discussed the development of a longitudinal flight dynamics model
for a simplified ducted-fan vehicle based on the FanTail 5000 UAV. The simplified
vehicle consists of three components: ducted fan, fuselage, and tail assembly. The
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semi-empirical equations derived in Chapter 2 were employed to describe the
ducted-fan aerodynamics. The e↵ects of fan swirl and the aerodynamics of the
duct exit vanes were neglected as a simplification. As a further simplification, the
lift and moment contributions from the fuselage were neglected, and the fuselage
was assumed to contribute only a nominal value to the overall drag coe cient
of the vehicle. Lastly, the lift-curve slope of the tail was assigned a value of 2⇡
(from Thin Airfoil Theory). The tail drag coe cient was assigned a nominal
value corresponding to that of a flat plate placed parallel to a flow. Induced
drag on the tail was neglected.
In the derivation of the equations of motion, the vehicle is assumed to be a rigid
body, where the e↵ects of the rotating fan blades are neglected. For the nonlinear
flight dynamics model, the nonlinear equations of motion and nonlinear vehicle
aerodynamics (except the lift) are retained. In the linear flight dynamics model,
both the vehicle aerodynamics and the equations of motion are linearised by
assuming that the perturbations about the reference condition are small. The
linear flight dynamics model can be represented compactly in the state-variable





The aerodynamics of the model ducted-fan vehicle as well as the formulation of
the linear and nonlinear equations governing its flight dynamics were discussed
in the previous chapter. In this chapter the vehicle’s longitudinal flight dynamics
are analysed. Topics to be discussed include the vehicle’s stability characteristics,
longitudinal modes, and a comparison of the linear and nonlinear flight simula-
tion results. To begin the analysis it is first necessary to discuss the vehicle’s
trim, or equilibrium, flight conditions.
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4.2 Vehicle Trim Analysis
The longitudinal forces and moments acting on the model vehicle (CL, CD and
CM ) are functions of ↵,  E and CT . Using the equations formulated in Sec-
tion 3.2.2, the vehicle’s lift, drag, and pitching-moment trends are computed
and shown in Figures 4.1, 4.2, and 4.3 respectively. The lift increases with the
(positive) elevator deflection and thrust coe cient. The variation of the drag
with the thrust coe cient is unclear, however, as the induced drag on the tail is
neglected, the drag is independent of the elevator deflection. The pitching mo-
ment increases with the thrust coe cient but decreases with increasing (positive)
elevator deflection.
The vehicle’s trim flight conditions in steady rectilinear flight can be obtained by
solving the following force and moment balance equations in the stability axes:
mg sin   =  CD q1S + CT q1A cos↵
mg cos   = CL q1S + CT q1A sin↵
CM = 0
(4.1)
where the flight path angle is given by   = ✓  ↵. By solving Eq. (4.1) for given
values of   and q1, one can obtain the values of ↵,  E and CT for any given trim
flight condition.
The MATLAB routine “fsolve”, a numerical solver for nonlinear equation sys-
tems, was used in this work to solve Eq. (4.1) for the vehicle trim parameters at
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(a) Varying elevator deflection with CT = 0.2.
(b) Varying thrust coe cient with no elevator deflection.
Figure 4.1: Vehicle lift trends as a function of (a) elevator deflection and
(b) thrust coe cient.
di↵erent conditions. Figure 4.4 shows the trim solution trends for straight-and-
level flight (  = 0) at various airspeeds. It can be seen that the minimum trim
airspeed attainable is limited by the stall angle of attack and the mechanical
limits of elevator deflection. On the other hand, the maximum trim airspeed at-
tainable depends on the maximum thrust of the fan. It is also noted that for trim
airspeeds of 20 – 50 m/s, the trim thrust coe cient ranges from 0.1 < CT < 0.35,
which is well within the range of the ducted-fan CFD simulations.
69
Chapter 4. Flight-Dynamics Analysis
Figure 4.2: Vehicle drag trends as a function of thrust coe cient.
(a) Varying elevator deflection with CT = 0.2.
(b) Varying thrust coe cient with no elevator deflection.
Figure 4.3: Vehicle pitching-moment trends as a function of (a) elevator
deflection and (b) thrust coe cient (with c.g. location fixed at xcg = 0.25c).
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(a) ↵,  E vs v1
(b) T vs v1
(c) CT vs v1
Figure 4.4: Trim solution trends for straight-and-level flight with vehicle c.g.
location fixed at the duct leading edge (xcg = 0).
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4.3 Longitudinal Static Stability
The condition for static pitch stability is (CM↵)cg < 0 at the reference trim
flight condition. This guarantees that a restoring pitching moment will act on
the vehicle in a perturbation. Static stability can be quantified by the vehicle’s
static margin, which is the distance between the c.g. and the vehicle’s neutral
point. The neutral point is the location where (CM↵)np = 0, or in other words
the vehicle’s aerodynamic centre.




and is measured in terms of the chord [33]. A positive static margin indicates
that the c.g. is located in front of the neutral point and the vehicle is statically
pitch stable.
For a conventional flight vehicle, where it is assumed that both the lift and
pitching moments lie in their linear ranges, Eq. (4.2) implies that the static
margin is a constant at a given c.g. location, and thus the vehicle’s neutral point
is fixed. However, CL↵ and CM↵ for the ducted-fan vehicle are functions of the
fan thrust coe cient. Moreover, CM↵ is also highly nonlinear and depends on
the angle of attack. Hence, the neutral point and static margin of the ducted-fan
vehicle varies depending on the trim airspeed.
The static margin for the model ducted-fan vehicle was computed and is plotted
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Figure 4.5: Variation of static margin with trim airspeed for straight-and-
level flight with vehicle c.g. location fixed at the duct leading edge (xcg = 0).
against the trim airspeed in Fig. 4.5. As the vehicle c.g. location was fixed
at the duct leading edge (xcg = 0) for this set of computations, the chart also
represents the neutral point location, measured aft of the duct leading edge. It
can be seen that the neutral point shifts aft as the trim airspeed is increased.
Hence for a fixed c.g. location, the static margin increases with the trim airspeed.
This can be attributed to the fact that as the trim airspeed increases, the trim
angle of attack and thrust coe cient decreases (see Fig. 4.4), thus causing CM↵
to become more negative (see Fig 4.3). Thus, such a vehicle is more statically
stable at higher trim airspeeds.
4.4 Longitudinal Modal Analysis
Thus far the analysis has focused on the vehicle’s static stability. Next, the
state-space representation described in Section 3.5.2 is employed to study the
vehicle dynamics.
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The longitudinal response of the vehicle about a reference straight-and-level flight
condition is governed by the eigenvalues and eigenvectors of the matrix A in
Eq. (3.59). Appendix D describes the reference conditions and stability deriva-
tives for the model vehicle in a nominal flight condition. The eigenvalues for this
nominal flight condition are
 1,2 =  2.2582± j3.3377 /sec
 3,4 =  0.0513± j0.3067 /sec
(4.3)




































Note that the units of the angular quantities have been converted from radians
to degrees for this analysis, as suggested in [33]. This conversion makes the
angular and translational responses roughly equivalent in terms of magnitude,
as one degree angle of attack corresponds to a plunge velocity of approximately
0.5 m/s at the reference flight velocity of U0 = 30 m/s (from Eq. (3.34)).
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Figure 4.6: Longitudinal eigenvalues of model ducted-fan vehicle.
The eigenvalues are plotted on the complex plane in Fig. 4.6. They resemble
the short-period and phugoid roots of a conventional flight vehicle. Both sets of
complex conjugate roots have negative real parts, indicating stable and oscilla-
tory modal responses. The short-period mode is well-damped, with a damping
ratio of 0.56, and has a higher frequency of 4.03 rad/s. The phugoid mode is
lightly-damped, with a damping ratio of 0.165, and has a lower frequency of
0.311 rad/s.
Phasor diagrams of the eigenvectors are shown in Fig. 4.7. The short-period
mode comprises responses in angle of attack, pitch attitude, and pitch rate, but
contributes little to the surge-velocity response. On the other hand, the phugoid
mode consists mainly of surge-velocity and pitch-attitude responses. Such modal
responses are also similar to that of a conventional flight vehicle.
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Figure 4.7: Phasor diagrams of the model vehicle’s longitudinal eigenvectors.
4.4.1 Root Locus of Longitudinal Eigenvalues
In Section 4.3 it was observed that the vehicle’s static margin, representative
of its static stability, depends not only on the vehicle c.g. location but also on
its trim airspeed. In this section, the sensitivity of the longitudinal eigenvalues
to the c.g. location and the trim airspeed is investigated, keeping in mind that
dynamic stability requires the real parts of the eigenvalues to be negative.
Shift in Centre of Gravity
Figure 4.8 shows the root locus of the longitudinal eigenvalues as a function of
the vehicle c.g. location, with the trim airspeed fixed at U0 = 30 m/s. As the c.g.
is shifted aft from 0.2c, corresponding to a static margin of 15%, both the short-
period and phugoid roots move towards the real axis. At SM ⇡ 0.03, the phugoid
roots converge onto the real axis and begin to move in opposite directions, with
one of them crossing into the right-half complex plane, indicating that the vehicle
becomes dynamically unstable. As the static margin continues to approach zero,
the short-period roots also converge onto the real axis and begin to move in
opposite directions. Eventually, one of the short-period roots coalesces with one
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Figure 4.8: Locus of longitudinal eigenvalues as a function of vehicle c.g.
location, with trim airspeed fixed at U0 = 30 m/s.
of the phugoid roots and they branch o↵ the real axis and start to move in the
direction of the original phugoid roots.
Change in Trim Airspeed
Similar behaviour of the roots is observed when the static margin is reduced by
decreasing the trim airspeed, with the c.g. location held constant (see Fig. 4.9).
The phugoid roots converge onto the real axis at SM ⇡ 0.03 and one of them
becomes unstable. At SM ⇡ 0.01 the short-period roots converge onto the real
axis and eventually one of the short-period roots and one of the phugoid roots
coalesce and branch o↵ the real axis in the direction of the original phugoid roots.
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Figure 4.9: Locus of longitudinal eigenvalues as a function of trim airspeed,
with c.g. location fixed at xcg = 0.3c.
It can be observed that the vehicle’s longitudinal dynamics becomes very un-
conventional as the static margin approaches zero. Furthermore, the vehicle be-
comes dynamically unstable even before the static margin reaches zero. Hence,
the vehicle would require some form of stability augmentation, such as feedback
control, if it were required to operate near the static stability limit.
4.5 Linear Flight Simulation
Based on the linear perturbation model described in Chapter 3, the vehicle’s
response to perturbations and control inputs is governed by Eq. (3.60). These
responses are analysed in the following discussion.
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4.5.1 Vehicle Response to Perturbations
The MATLAB routine “initial” was used to simulate the vehicle’s response to
perturbations about the nominal flight condition given in Appendix D, where
the perturbations are initiated at time t = 0.
Figure 4.10(a) shows the vehicle’s response to a 10-degree perturbation in angle
of attack, equivalent to a plunge-velocity perturbation of 5 m/s. Both the short-
period and phugoid modes are excited by the perturbation. The short-period
mode dominates the initial response in angle of attack, pitch attitude, and pitch
rate, but decays quickly. It contributes little to the surge-velocity response.
On the other hand, a 5 m/s perturbation in surge velocity (see Fig. 4.10(b))
barely excites the short-period mode, with little response in angle of attack and
pitch rate. In both cases, the phugoid mode can clearly be observed from the
surge-velocity and pitch-attitude responses. It has a period of approximately
20 seconds, corresponding to a frequency of 0.31 rad/s. These observations are
consistent with the modal analysis in Section 4.4.
4.5.2 Vehicle Response to Control Inputs
The MATLAB routine “step” was used to simulate the vehicle’s response to a
step control input about the nominal flight condition given in Appendix D, where
the control input is initiated at time t = 0.
The vehicle’s response to the respective control inputs is shown in Fig. 4.11.
Once again, the short-period and phugoid modal contributions to the vehicle’s
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(a) Response to 10 deg perturbation in angle of attack.
(b) Response to 5 m/s perturbation in surge velocity.
Figure 4.10: Longitudinal response to initial perturbation about the nominal
flight condition, where the dotted lines indicate the steady-state response.
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(a) Response to 1 deg elevator step input.
(b) Response to 1 N step increase in thrust.
Figure 4.11: Longitudinal response to control inputs about the nominal
flight condition, where the dotted lines indicate the steady-state response.
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response can clearly be observed. A step elevator input excites both modes, with
the short-period mode dominating the angle of attack and pitch-rate responses,
and the phugoid mode dominating the surge-velocity and pitch-rate responses.
On the other hand, a step thrust input only excites the phugoid mode, with little
response in angle of attack and pitch rate.
4.5.3 Comparison to Nonlinear Simulations
Nonlinear flight simulations were performed by numerically solving the nonlinear
equations of motion in Eq. 3.52 with the MATLAB routine “ode45”, which is
based on an explicit Runge-Kutta formula [34]. The nonlinear flight simulations
were performed in the fuselage-reference axes and then translated to the stabil-
ity axes for comparison with the linear flight simulations. Appendix E shows
comparisons of the linear and nonlinear flight simulation results for various ini-
tial conditions (perturbations) and step control inputs. Two particular cases are
reproduced here in Figure 4.12.
In general, the linear solution for an initial perturbation (at time t = 0) in the
state-variables (surge velocity, angle of attack, etc) about the reference trim con-
dition does not di↵er significantly from the nonlinear solution (see Fig. 4.12(a)).
This is because the initial perturbation decays rapidly due to the inherent ve-
hicle stability about the reference trim condition. Thus the small perturbation
assumption remains valid.
On the other hand, when there is a step control input to the vehicle, forcing the
perturbations in the state-variables to grow with time, the linear solution diverges
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(a) Response to 10 deg perturbation in angle of attack about the nominal flight condition.
(b) Response to 1 deg elevator step input about the straight-and-level reference flight
condition.
Figure 4.12: Comparison of linear and nonlinear flight simulation results,
where the dotted lines indicate the nonlinear results.
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from the nonlinear solution over time and the errors can become significant (see
Fig. 4.12(b)). It is thought that the inherently nonlinear vehicle aerodynamics
also exacerbates this problem.
The linear model is useful for performing modal analysis and visualising the
vehicle’s response to perturbations about a reference condition. However, usage
of the linear model to evaluate the vehicle’s steady-state responses to the control
inputs will likely result in inaccurate predictions.
4.6 Summary
This chapter demonstrates how the vehicle aerodynamics model can be used to
solve for the vehicle trim states in steady rectilinear flight. The vehicle’s static
stability was also discussed, where it was observed that the vehicle’s neutral
point shifts aft as the trim airspeed is increased, resulting in a larger static
margin. A modal analysis reveals that the longitudinal modes of the model
vehicle are similar to that of a conventional flight vehicle. Results of linear flight
simulations were also presented and compared to nonlinear simulations. The
linear solutions were shown to be accurate only when the perturbations from
the reference condition decayed over time. When control inputs were applied,
preventing the perturbations from decaying, the linear solutions diverged from




5.1 Ducted-Fan Aerodynamic Modelling
The first part of this work consists of a computational investigation into the
aerodynamics of a typical ducted-fan in forward flight at angles of attack below
stall. The duct was modelled with a Clark Y airfoil section. The fan was modelled
as a simple actuator disc with a uniform pressure-jump across the entire disc with
no fan swirl. Ducts of four aspect ratios were studied: 1.5, 2.0, 2.5, and 3.0. The
non-dimensional scheme involved studying the aerodynamics at fixed fan thrust
coe cients. Significant observations from the RANS simulations are summarised
as follows:
• The lift-curve slope increases with fan thrust coe cient and aspect ratio.
• The zero-lift drag generally decreases, eventually becoming negative, indi-
cating net duct thrust, as the fan thrust coe cient increases.
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• A simple momentum analysis over-predicts the duct thrust under axial flow
conditions.
• The induced-drag coe cient is proportional to C2L/AR.
• The span e ciency factor increases with fan thrust coe cient.
• The slope of the pitching-moment curve increases with fan thrust coe cient
but decreases with increasing aspect ratio.
• The centre-of-pressure shifts forward with increasing fan thrust coe cient
and angle of attack.
Based on the computational results, existing annular wing models were also ex-
tended semi-empirically to describe the ducted-fan forward-flight aerodynamics
using simple semi-empirically equations.
5.2 Ducted-Fan Vehicle Modelling
The second part of this work involved the formulation of a flight dynamics model
for a ducted-fan vehicle based on the ST Aerospace FanTail prototype. Several
simplifications were made as a first approximation, including simplifying the
fuselage aerodynamics, neglecting the fan swirl and torque, and simplifying the
duct and tail geometries. As a further simplification, the vehicle was restricted
to longitudinal motion only. Subject to these simplifications, a modal analysis
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shows that the vehicle’s longitudinal characteristics are similar to that of a con-
ventional flight vehicle. Stability-wise, the static margin is found to be a function
of the vehicle’s trim airspeed, in contrast to a conventional flight vehicle.
Compared to nonlinear flight simulations, linear simulations were able to predict
the vehicle’s response to small perturbations accurately. However, control inputs
that cause the perturbations from the reference condition to grow over time also
cause the linear solution to diverge from the nonlinear one, limiting the usage of
the linear model in this respect.
5.3 Recommendations for Future Work
There is potential for further research on the topic to be conducted in several
areas. Most notably, experiments should be conducted to validate the results
of the ducted-fan aerodynamics model. Validation is lacking in this work as
available experimental data in the literature at the time of writing was not suited
to analysis using the present non-dimensional scheme. There is also scope for
more computational studies on the ducted-fan aerodynamics using the current
non-dimensional scheme. For example, this may include the e↵ect of geometrical
parameters, such as the duct airfoil profile, on the ducted-fan aerodynamics.
Simulations can also be performed to investigate the e↵ects of fan swirl. This
can easily be accomplished at low computational costs via an actuator-disc fan
model with a prescribed swirl velocity. The simulations performed in this work
also stopped short of investigating the stall regime due to inherent limitations
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of the RANS model. However, CFD techniques capable of resolving separated
flow, for example detached eddy simulation (DES), can be used to study the stall
mechanisms, albeit at a higher computational cost.
There is also room for improvement regarding the vehicle flight dynamics model.
Firstly, the model can be extended to include motion in the full six degrees of
freedom, thus allowing for the analysis of the vehicle’s lateral modes. Next,
more realistic component aerodynamic models can also be incorporated for a
higher fidelity flight dynamics model. However, this would require additional





This appendix describes the mesh independence study conducted prior to the use
of computational fluid dynamics (CFD) to estimate the aerodynamic forces and
moments acting on the ducted fan. It is essential to ensure that the results of the
numerical simulations are independent of the computational mesh. Ideally, the
mesh should be as fine as possible to reduce any numerical errors. In addition,
the computational domain for external flows should be as large as possible to
approximate real-world conditions. However, increasing the number of mesh
cells results in more computationally expensive simulations. Hence, there is a
need to balance accuracy with the available computational resources. The mesh
independence study was conducted to ensure that the computational mesh used
in the simulations yields su ciently accurate results for the purposes of this
work.
The study was conducted for the AR 1.5 ducted fan at 15 deg angle of attack and
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Table A.1: Mesh Resolutions for Ducted-Fan Simulations




Figure A.1: Extent of computational domain for ducted-fan CFD simula-
tions.
CT = 0.2, representative of the forward-flight operating conditions of the UAV
modelled in this project. The mesh resolutions used are shown in Table A.1.
Figure A.1 shows the extent of the computational domain.
Results of the simulations using the various mesh resolutions are shown in
Fig. A.2. The results do not change significantly as the mesh resolution is in-
creased beyond the baseline values. Also, when the boundaries of the domain
were extended by a factor of two, the results stayed within 1% of the original
values. Thus it was concluded that the simulations are mesh independent and
the baseline mesh resolution was used for the rest of this work.
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for Ducted Fan in Axial Flow
The duct drag for a simplified ducted fan in axial flow is formulated in this
appendix using momentum theory. One-dimensional incompressible and inviscid
flow is assumed. The problem schematic is shown in Fig. B.1.
Figure B.1: Schematic of a simplified ducted fan in axial flow.
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The fan is represented by an actuator disk with a constant pressure jump across
its surface given by
 p = p2   p1 (B.1)
















It is assumed that the air pressure at the duct exit is equal to the ambient
atmospheric pressure (p3 = po) and the slipstream does not contract upon leaving
the duct. As such, Conservation of Mass requires
v1 = v2 = v3 (B.4)







The net forward force acting on the ducted fan is the di↵erence between the
thrust generated by the fan and the drag acting on the duct. From Conservation
of Momentum, the net force can be expressed as the rate of change of linear
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momentum of the fluid as follows:
T  D = m˙ (v3   v1) (B.6)
where m˙ is the mass flow rate through the ducted fan.
By invoking Eq. (B.4) and (B.5), and with the fact that T = A p and m˙ = ⇢Av3,

























The FanTail 5000 prototype unmanned aerial vehicle (UAV) is powered by a
two-stroke gasoline engine. It is capable of vertical takeo↵ and landing (VTOL),
transition to horizontal flight with a maximum speed of 111 km/h, and hovering
for up to 30 min. It is controlled from a ground control station via datalink and
can be pre-programmed with autonomous waypoint navigation using GPS. It
is constructed from carbon-fibre composite materials and has an overall weight,
including payload, of 5.5 kg. The vehicle dimensions are shown in Fig. C.1 while
photographs of the prototype and its components are shown in Fig.C.2 and C.3.
Figure C.1: FanTail 5000 dimensions (in centimetres).
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(a) Front-view
(b) Top-view
Figure C.2: FanTail 5000 UAV.
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(a) Ducted fan
(b) Tail assembly





Nominal Straight-and-Level Flight Condition
height = 0 m (sea level); Ma = 0.125; airspeed = 30 m/s
⇢1 = 1.225 kg/m3; q1 = 551.25 Pa
weight = 53.94 N
xcg = 0.25c
xacH = 0.578 m
Iyy = 0.52 kg·m2
Ixz = 0
Reference Geometry
A = 0.166 m2
S = 0.106 m2
SF = 0.031 m2
SH = 0.021 m2
SV = 0.021 m2
c = 0.23 m
d = 0.46 m
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Table D.1: Reference Condition and Aerodynamic S&C Derivatives
Reference Condition Stability Derivatives Control Derivatives
↵0 10.2  CLu (/ms 1) -0.003 CL E (/rad) 1.38
U0 (m/s) 30 CL↵ (/rad) 5.30 CD E (/rad) 0
W0 (m/s) 0 CL↵˙ (sec) 0.020 CM E (/rad) -3.13
 ETrim  2.3  CLq (sec) 0.024 @CL/@CT 0.28
TTrim (N) 12.7 CDu (/ms
 1) 0 @CD/@CT 0.04
CLTrim 0.89 CD↵ (/rad) 0.81 @CM/@CT 0.24
CDTrim 0.21 CD↵˙ (sec) 0






Note: All data for stability axes.
Table D.2: Vehicle Stability and Control Derivatives
Stability Derivatives Control Derivatives
Xu -0.147 X E 0
X↵ 0.781 XT 0.174
X↵˙ 0 Z E -14.67
Xq 0 ZT 0
Zu -0.600 M E -80.71







Note: All data for stability axes.
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Comparison of Linear and
Nonlinear Flight Simulations
This appendix contains the results of the linear and nonlinear flight simulations
performed about the nominal straight-and-level flight condition stated in Ap-
pendix D. The data in the subsequent figures represents the perturbations from
the nominal flight condition in the stability axes. The continuous lines in the fig-
ures represent the linear flight simulation results whilst the dotted lines represent
the nonlinear results.
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Figure E.1: Linear and nonlinear response to 10 deg perturbation in angle
of attack about the nominal straight-and-level flight condition.
Figure E.2: Linear and nonlinear response to -10 deg perturbation in angle
of attack about the nominal straight-and-level flight condition.
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Figure E.3: Linear and nonlinear response to 5 m/s perturbation in surge
velocity about the nominal straight-and-level flight condition.
Figure E.4: Linear and nonlinear response to -5 m/s perturbation in surge
velocity about the nominal straight-and-level flight condition.
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Figure E.5: Linear and nonlinear response to 1 deg elevator step input about
the nominal straight-and-level flight condition.
Figure E.6: Linear and nonlinear response to -1 deg elevator step input
about the nominal straight-and-level flight condition.
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Figure E.7: Linear and nonlinear response to 1 N step thrust input about
the nominal straight-and-level flight condition.
Figure E.8: Linear and nonlinear response to -1 N step thrust input about
the nominal straight-and-level flight condition.
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